In this paper we prove sharp anisotropic Hölder estimates for the local solutions of the tangential Cauchy-Riemann equation in q-concave CR manifolds and we derive the same kind of estimates for global solutions when the manifold is compact.
]+3 and n − k − q + 1 ≤ r ≤ n − k; (iv) if f ∈ Γ p+α n,r (U ), 0 < α < 1, then T r f ∈ Γ p+1+α n,r (V ) if M is of class C p+4 and 1 ≤ r ≤ q − 1 or if M is of class C p+2 and n − k − q + 1 ≤ r ≤ n − k.
The operators T r are the operators defined in [2] . Theorem 0.1 is already proved in [2] (cf. Theorem 5.9) with C l estimates, it is derived from a local homotopy formula (cf. Proposition 1.1 of the present paper). The novelty here are the anisotropic Hölder regularity properties of the operators T r , which are proved in Sections 2 and 3.
The second result is a global homotopy formula with sharp anisotropic Hölder estimates for compact CR manifolds.
Theorem 0.2. Let E be an holomorphic vector bundle over X and M be a compact, C ∞ -smooth, q-concave generic CR submanifold of real codimension k of an n-dimensional complex manifold X. Assume the ∂ b -cohomology group H n,r (M ) vanishes for some r, 0 ≤ r ≤ q − 1 or n − k − q + 1 ≤ r ≤ n − k, then there exist continuous linear operators A s : C n,s (M, E) → C n,s−1 (M, E), s = r, r + 1 such that:
(i) For all f ∈ C n,r (M, E) with ∂ b f ∈ C n,r+1 (M, E),
(ii) For all p ∈ N and 0 < α < 1 The operators A r are derived from the local operators T r by the globalization process from [7] and [3] . Then Theorem 0.2 follows immediately from Theorem 1.2 and the estimates in Sections 2 and 3.
The Poincaré Lemma for the ∂ b operator with sharp anisotropic Hölder estimates is new in the case of CR manifolds of arbitrary codimension, it was proved first for the Heisenberg group and more generally for strictly pseudoconvex hypersurfaces by Folland and Stein [4] . A related result in CR manifolds of arbitrary codimension is a local almost homotopy formula with sharp anisotropic Hölder estimates proved by Polyakov in [9] , but there is a mistake in the construction of the barriers which is corrected in [10] and we hope that the same anisotropic estimates hold for his new kernels.
The global result is not totally new, it is proved in [11] even for abstract CR manifolds for the anisotropic Sobolev spaces (Sobolev version of the A p+α spaces) and for the FollandStein spaces Γ p+α if r = q − 1. The proof is based on L 2 theory for the b operator and the Hodge decomposition theorem which gives a global homotopy formula in degree r but only if the CR manifold M is (r + 2)-concave.
Our result contains the important case where M is only 2-concave and r = 1, which may be useful in the study of the embeddability of compact CR manifolds (in [11] , results in degree 1 need the manifold to be 3-concave).
Preliminaries and definitions
Let (M, H 0,1 M) be a generically embeddable abstract compact CR manifold of class C ∞ and E : M → M ⊂ X be a C ∞ -smooth CR generic embedding of M in a complex manifold X, then M is a compact CR submanifold of X of class C ∞ with the CR structure H 0,1 M = dE(H 0,1 M) = T C M ∩ T 0,1 X and the tangential Cauchy-Riemann operator ∂ b induced by the Cauchy-Riemann operator ∂ from the complex manifold X.
An generic CR manifold M is said to be q-concave if its Levi form at each point admits at least q negative eigenvalues in all directions.
Assume M is q-concave, then M is also q-concave and we may apply the results in [2] and [7] , [3] on local estimates and global homotopy formulas for the tangential CauchyRiemann operator.
First let us recall the definition of the usual Hölder spaces of forms. If D is relatively compact domain in X, then -C α (D ∩ M ), 0 ≤ α < 1, is the set of continuous functions on D ∩ M which are Hölder continuous with exponent α on D ∩ M , if α > 0. We set
The Hölder space C l+α
In [2] the following result is proved 
with the following two properties :
and T r is continuous as an operator between C l n,r (M ) and C l+1/2 n,r−1 (U ).
and in [7] and [3] we have derive from the previous proposition a global homotopy formula by mean of a functional analytic construction: 
and continuous linear projections
and A r is continuous as an operator between C l n,r (M, E) and
We have now to recall the main steps of the construction of the local kernels defining the operators T r .
Let M be a generic CR manifold of class C 3 in C n , z 0 a point in M and U 0 an open neighborhood of z 0 in C n and ρ 1 , . . . , ρ k some functions of class
Let C > 0 be a fixed constant, we set, for j = 1, . . . , k,
(1.6)
We define I as the set of all subsets I ⊂ {±1, . . . , ±k} such that |i| = |j| for all i, j ∈ I with i = j. For I ∈ I, |I| denotes the number of elements in I, then I(l), 1 ≤ l ≤ k, is the set of all I ∈ I with |I| = l and I ′ (l), 1 ≤ l ≤ k, is the set of all I ∈ I of the form I = (i 1 , . . . , i l ) with |i ν | = ν for ν = 1, . . . , l.
If I ∈ I and ν ∈ {1, . . . , |I|}, then i ν is the element with rank ν in I after ordering I by modulus. We set I( ν) = I \ {i ν }. If I ∈ I, then sgnI = 1 if the number of negative elements in I is even sgnI = −1 if the number of negative elements in I is odd. Let (e 1 , . . . , e k ) be the canonical basis of R k , set e −j = −e j for every 1
We identify the abstract simplex ∆ I with the geometric simplex ∆ I by setting x(λ) = l j=1 λ j e i j for all λ ∈ ∆ I For all I ∈ I ′ (k), we denote by I * the multi-index (i 1 , . . . , i k , * ), where I = (i 1 , . . . , i k ), and by I ′ (k, * ) the set of all multi-indexes I * , with I ∈ I ′ (k). We set ρ * =
We denote by D a relatively compact open subset of U 0 and for I ∈ I, I = (i 1 , . . . , i |I| ), we define
These manifolds are oriented as follows : D I and D * I as C n for all I ∈ I, S {j} as the boundary of D {j} for j = ±1, . . . , ±k, S I as the boundary of S I( c
|I|)
∩ D {i |I| } for all I ∈ I, |I| ≥ 2, Γ I such that S I = ∂Γ I and M ∩ D as S I with I = {1, . . . , k}.
If M is q-concave, it follows from Lemma 3.1.1 in [1] that we can choose the constant C in (1.6) such that the functions ρ j , −k ≤ j ≤ k, j = 0, have the following property: for each I ∈ I ′ (k) and every λ ∈ ∆ I , the Levi form of the defining function ρ λ of M in the direction x(λ) has at least q + k positive eigenvalues on U ′ ⊂⊂ U 0 . Then using the method developed in section 3 of [5] and the results in [6] , we can construct, for each λ ∈ ∆ I a Leray section in the direction x(λ), which has some holomorphy properties and depends smoothly on λ and we get on
for each I ∈ I ′ (k) (cf. [2] ) such that, if we set R M = I∈I ′ (k) sgn(I)C I * , the associated integral operators T r satisfy the homotopy formula (ii) of Proposition 1.1 with U = D ∩M .
We can describe the singularity of the kernels C I * in the following way. 2. Let ∇ κ ζ , κ = 0, 1, be a differential operator with constant coefficients, which is of order 0 in z, of order κ in ζ and of arbitrary order in λ. Then there is a constant C > 0 such that, for each coefficient ϕ(z, ζ, λ) of the form f (z, ζ, λ),
Following the calculations in [2] , we get
The support function associated to the Leray section used to construct the kernels C I * satisfies for ζ, z in a neighborhood of U ′ and λ ∈ ∆ I * Φ(z, ζ, λ) = 2
Consequently, if X C denotes a complex tangent vector field to M , then
Moreover the function Φ(z, ζ, λ) is of class C ∞ in its first variable z and of class C l−1 in its second variable ζ if the manifold M is of class C l .
In the next sections we shall prove that in fact the operators T r and A r , 1 ≤ r ≤ q, satisfy sharp anisotropic estimates.
First anisotropic estimates
If M is a generic CR submanifold of a complex manifold X, the tangent bundle to M admits a maximal complex subbundle called the complex tangent bundle to M and denoted by HM . It is related to the CR structure of
Let us define now some anisotropic Hölder spaces of forms which specify the complex tangent directions:
, for all complex tangent vector fields X C to M . Set
This section is devoted to the study of the continuity properties with respect to these spaces of the operators T r and A r , 1 ≤ r ≤ q and n − k − q + 1 ≤ r ≤ n − k, defined in the previous section when M is q-concave.
We first prove some estimates for the operators defined by the local kernels from the previous section. For this we may assume that M is embedded in C n . To clarify the exposition, we introduce a new kind of operators. • an integer κ ≥ 0
where f ∈ C 0 0, * (Γ I ) is the form with
and Θ = 1, if m = 0, and either Θ = ∂ρ
We consider the operators C I * , I ∈ I ′ (k), defined by
for f ∈ C 1 n,r (D), 0 ≤ r ≤ n − k. Using Stokes formula we get To prove the anisotropic estimates we need the following spaces and norms on differential forms :
-B β * (Γ I ), β ≥ 0, is the space of forms f ∈ C 0 * (Γ I \ M ) such that, for some constant
where dist(z, M ) is the Euclidean distance between z and M . Set 
Proof. It follows from [5] and [2] that, after integration in λ, an operator of type (m, ǫ, δ) is controled, since n ≥ 3, by
. . , λ k+1 some points in ∆ I * which are linearly independent in R k+1 ,
We denote all the constants by C. Then since d(z) ≤ C|ρ I (z)| for z ∈ Γ I , we get
β * (Γ I ) and ζ ∈ D * I . We can use ρ I as a coordinate in Γ I and since M is generic the t ν 's can also be used as coordinates, so we obtain that
|y|<c
Since β < 1, we can integrate with respect to y 1 , which gives
Then integrating with respect to y 2 , . . . , y s and using spherical coordinates, we have
which proves the lemma following the values of ǫ.
In the same way, following again [5] , we can prove estimates for the gradient of E I f , when E I is an operator of type (m, ǫ, δ) and f ∈ B β * (Γ I ), 0 ≤ β < 1. 
Using the classical Hardy-Littlewood lemma, we deduce from Lemma 2.2 and Lemma 2.3, the following estimates for the operators C I * and X 
If X z is a vector field on D in the variable z, we denote by X ζ the same vector field in the variable ζ. 
5)
where G δ is a finite sum of kernels associated to operators of type (m, ǫ, δ).
As regularity is a local problem, let us fix ζ 0 in D ∩ M and choose a function χ with compact support such that χ(z) = 1, if |z − ζ 0 | ≤ η/4, and χ(z) = 0, if |z − ζ 0 | ≥ η/2, where η is given by Lemma 2.6.
If f is a continuous form on D ∩ M and f I a continuous extension of f to Γ I , we write
As the singularity of the kernel associated to the operator C I * is concentrated on the diagonal, the regularity of the second term, for ζ ∈ M with |ζ − ζ 0 | ≤ η/4, is directly given by the regularity of this kernel, which is of class C ∞ in the first variable z and of class C l−2 in the second variable ζ when M is of class C l .
Proof. Let us first consider the case
, for all vector fields X I tangent to Γ I . From the previous remark we have only to study C I * (χf )(ζ). Let us denote by C δ I * the operator C I * , in which we have replaced Φ by Φ + δ. From Lemma 2.6, we get that for all vector fields X I tangent to Γ I ∪ Γ * I , we have X ζ I C δ I * χf = C δ I * X z I χf I + E I χf , where E I is a sum of operators of type (m, ǫ, δ), ǫ ≥ 0. Let also X C be a complex tangential vector field to M .
We deduce from Lemma 2.2 that, for ζ ∈ Γ * I ,
where C and C ′ are constants independent of δ. Moreover X Assume now that p = 1.
, where X C is complex tangent to M . If we proceed as in the case p = 0, but using Lemma 2.3 at the place of Lemma 2.2, we can prove that, for each I ∈ I ′ (k) and each vector field X tangent to M , ∇ ζ C I * (χX z f ) ∈ B 1−α/2 * (D * I ), which implies by the classical Hardy-Littlewood lemma that
Using the case p = 0, we get that if
Moreover it follows from the proof of Theorem 5.6 in [2] that if X C f is continuous then X C R M (χf ) and R M χX C f have the same regularity, consequently X C R M (χf ) ∈ Assume M is a compact q-concave generic CR submanifold of a complex manifold X and E is an holomorphic vector bundle on X. Let us go back to the construction of the global operators A r (cf. [7] and [3] ). First by globalizing the homotopy formula 1.2 by mean of a partition of unity, one get new linear operators T r bounded from A 
From functional analysis arguments we get linear operators T ′ r , 1 ≤ r ≤ q and n−k−q+1 ≤ r ≤ n − k, bounded from C 0 n,r (M, E) into C ∞ n,r−1 (M, E) and K ′ r , 0 ≤ r ≤ q − 1 and
. We set N r = N r + P r = I + R r , where P r denotes the linear projection with ImP r = KerN r and KerP r = ImN r . The operator R r is continuous from A is a
Fredholm endomorphism with index 0 and as Ker N r = {0}, it is an isomorphism. Moreover
is a continuous endomorphism of If M is q-concave, q ≥ 1, the complex tangent vector fields and their first Lie brackets generates all the vector fields in a neighborhood of each point. Associated with the vector fields X 1 , . . . , X 2n−2k we define a distance function dist(x, y) for any x, y ∈ M to be the infimum of the set of all r for which there exists an admissible curve with γ(0) = x and γ(r) = y. This distance function defines a family of nonisotropic balls B r (x 0 ) = {x ∈ M | dist(x 0 , x) < r} for each point x 0 ∈ M . Let T 1 , . . . , T k be k real vector fields such that X 1 , . . . , X 2n−2k , T 1 , . . . , T k span the whole tangent space in a neighborhood of x 0 . Then for r sufficiently small, the ball B r (x 0 ) has length comparable to r in the direction of X 1 , . . . , X 2n−2k and length comparable to r 2 in the direction of T 1 , . . . , T k (cf. 
